Abstract. On a 4-dimensional anti-Kähler manifold, its zero scalar curvature implies that its Weyl curvature vanishes and vice versa. In particular any 4-dimensional anti-Kähler manifold with zero scalar curvature is flat.
Introduction
An anti-Kähler manifold means a triple (M 2m , J, g) which consists of a smooth manifold M 2m of dimension 2m, an almost complex structure J and an antiHermitian metric g such that J = 0 where is the Levi-Civita connection of g. The metric g is called anti-Hermitian if it satisfies g(JX, JY ) = −g(X, Y ) for all vector fields X and Y on M 2m . Then the metric g has necessarily a neutral signature (m, m) and M 2m is a complex manifold and there exists a holomorphic metric on M 2m [2] . This fact gives us some topological obstructions to an anti-Kähler manifold, for instance, all its odd Chern numbers vanish because its holomorphic metric gives us a complex isomorphism between the complex tangent bundle and its dual; and a compact simply connected Kähler manifold cannot be anti-Kähler because it does not admit a holomorphic metric. We extend J, g and the Levi-Civita connection by C-linearity to the complexified tangent bundle T M C = T M ⊗ C. From now on we will use the same notations J, g and for the complex extended almost complex structure of J, the complex extended metric of g and the complex
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extended Levi-Civita connection of , respectively. We will also use the same term anti-Kähler manifold for the anti-Kähler manifold considered as a complex manifold with the complex extended g and J. The purpose of this note is to prove the following result. Theorem 1. On a 4-dimensional anti-Kähler manifold, its zero scalar curvature implies that its Weyl curvature vanishes and vice versa. In particular, any 4-dimensional anti-Kähler manifold with zero scalar curvature is flat.
In case of a 4-dimensional Kähler manifold, the above fact does not in general happen. For instance a K3 surface with the Calabi-Yau metric is not flat while it is a 4-dimensional Kähler manifold with zero scalar curvature. The crucial ingredient in the proof of this Theorem is the following: Every 4-dimensional anti-Kähler manifold is Einstein.
Properties of anti-Kähler manifolds
Let (M 2m , J, g) be a 2m-dimensional anti-Kähler manifold. We extend J, g and the Levi-Civita connection of g by C-linearity to the complexification of the tangent bundle T M C = T M ⊗ C. Fix a (real) basis {X 1 , . . . , X m , JX 1 , . . . , JX m } in each tangent space T x M , then the set {Z a , Zā} where Z a = X a − iJX a , Zā = X a + iJX a form a basis for each complexified tangent space T x M ⊗ C. Unless otherwise stated, a, b, c, . . . run from 1 to m while A, B, C, . . . run through 1, . . . , m,1, . . . ,m. Then JZ a = iZ a and JZā = −iZā. We set g AB = g(Z A , Z B ) = g BA . Then the complex extended metric g satisfies g ab = gb a = 0 and gĀ B = g AB . Conversely if the complex extended metric g AB satisfies the above properties then the initial metric must be anti-Hermitian. It will be customary to write a metric satisfying the above properties as
In an adapted almost-complex coordinate, Since the complex extended Levi-Civita connection has vanishing torsion, the complex Christoffel symbols are symmetric, i.e., Γ C AB = Γ C BA . In this case the complex structure J is integrable so that the real manifold M 2m inherits the structure
